Abstract: Stresses, particularly those at geometric discontinuities, can influence structural integrity of engineering components. Motivated by the prevalence of cutouts in components, the objective of this paper is to demonstrate ability to stress analyze finite, circularly-perforated orthotropic composites whose external loading may be unknown. Recognizing difficulties in obtaining purely theoretical or numerical solutions, the paper presents a hybrid means of stress analyzing such structures. Individual stresses, including those on the edge of the hole, are obtained in a loaded finite graphite/epoxy composite tensile plate containing a round hole by processing measured values of a single displacement field with an Airy stress function in complex variables. Displacements are recorded by digital image correlation. Traction-free conditions are satisfied analytically at the edge of the hole using conformal mapping and analytic continuation. Stresses satisfy equilibrium and strains satisfy compatibility. Significant features of the technique include its wide applicability, it smooths the measured information, does not require knowing the applied loading, and the rigorous mechanics foundation by which strains are determined from measured displacements.
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Introduction
The objective of this study is to demonstrate the ability to determine the individual stresses full-field in a circularly-perforated, finite orthotropic composite plate ( Fig. 1 ) from recorded information of a single displacement component and without requiring knowledge of the external loading.
High strength-and stiffness-to-weight ratios often make composite materials popular over isotropic, monolithic materials. Moreover, composite structures containing geometric discontinuities are prevalent load bearing components. Structural integrity is influenced by the stresses. While extensive stress information associated with geometric discontinuities is available for isotropic materials, relatively little such data exist for orthotropic materials [1] . Stresses in composite structures depend on the material properties. Anisotropy often complicates the stress distributions near geometric discontinuities. The orthotropic behavior can influence where along the boundary of a hole the most serious stresses occur, something that one need not know a priori [2, 3] . Few theoretical analyses of finite orthotropic structures having cutouts are available. Like numerical analyses, they require knowing the boundary conditions. The latter are often unknown in practice. Purely experimental techniques do not tend to provide reliable data near the edge of a geometric discontinuity. Moreover, traditional displacement-based experimental methods of stress analysis have the additional challenge of having to differentiate the displacement data to obtain stresses. Differentiating measured information can be unreliable. Recognizing these difficulties, this paper utilizes a complex variable method to perform full-field stress analysis of a loaded finite orthotropic plate containing a central circular hole from recorded data of a single component of displacement. Needing only one displacement field can be advantageous. For example, situations may occur where there is a paucity or inferior quality of one or other of the in-plane displacements.
The present hybrid method of combining recorded displacement data, conformal mapping, analytic continuation, an Airy stress function and least squares is effective for stress analyzing perforated finite orthotropic structures without requiring knowledge of external loading conditions. The DIC (digital image correlation)-measured displacements in the loading direction are processed here with a series representation of an Airy stress function in complex variables. The present technique simultaneously smooths the measured displacement data, satisfies equilibrium and compatibility, and determines individual stresses full-field, including on the edge of the hole. Knowing the independent stresses is necessary if fatigue or strength criteria are involved. The approach also benefits from the rigorous mechanic's foundation by which strains are determined from measured displacement data. Reliability is demonstrated by FEM (finite element method) and force equilibrium. The authors are unaware of any published stresses at a hole in an orthotropic composite from a DIC-recorded single displacement field.
Literature Review
Lagattu et al. [4] and Ashrafi and Tuttle [5] are seemingly the only prior publications which employ DIC-measured displacement information to stress analyze orthotropic composites containing a round hole. These analyses necessitated measured values of both in-plane displacement components and experienced difficulties in obtaining reliable result on the edge of the hole. Ref. [4] also did not provide the three individual components of strain or stress full-field.
Relevant Equations
The Airy stress function for orthotropic materials can be expressed as Ref. [6] .
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where, z j = x + µ j y for j = 1, 2. F 1 (z 1 ) and F 2 (z 2 ) are analytical functions of the complex variables z 1 and z 2 , respectively, and "Re" represents the real part of the complex quantities. Relative to the principal axes of orthotropy, the complex material properties, µ j , are the roots of the following characteristic equation. 2 0 (2) where, a ij are the following elastic compliances.
Knowing the orthotropic constitutive properties, µ 1 and µ 2 are known. Stresses and in-plane displacements in rectangular coordinates (x, y) of the physical plane, z = x + iy, can be expressed as:
where, Φ z F , Ψ z F and the primes represent differentiation with respect to the complex variable z j . In the above equations, u is the displacement in the direction of loading (x-direction) and v is that in the y-direction. With respect to the directions of material symmetry, the variables p , p , q and q are:
Since the [0 13 /90 5 /0 13 ] graphite/epoxy plate of Fig.  1 is a balanced, symmetric construction, the displacements and strains are uniform through the thickness. The measured in-plane laminate elastic properties and the stresses of Eqs. (3)- (5) are based on average stresses through the thickness.
Using conformal mapping and analytic continuation in regions adjacent to the traction-free edge of a cutout, the stress functions Φ(z 1 ) and Ψ(z 2 ) can be related to each other. The stresses may then be expressed using only one stress function. The stress functions are expressible as power series expansions whose unknown complex coefficients can be determined experimentally. Knowing the complex coefficients, the stress functions Φ(z 1 ) and Ψ(z 2 ) are evaluated from which the individual stresses are available from Eqs. (3)- (5).
Using a mapping function, a region of a simpler shape in the ζ = ξ + iη plane can be mapped into a comparatively complicated region in the physical plane z = x + iy of the loaded structure, Fig. 2 . The auxiliary planes are expressed as ζ j = ξ + µ j η and the mapping function is:
(9) The stress functions Φ(z 1 ) and Ψ(z 2 ) can be expressed as analytical functions of ζ 1 and ζ 2 .
(10) (11) and (12) (13) where (14) Substituting Eqs. (12)- (14) into Eqs. (3)- (5) 
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(17)
In regions adjacent to a traction-free-boundary, the technique of analytic continuation enables the previous two stress functions to be expressed in terms of each other [7] , i.e.,
where B and C are
The individual stresses can now be written in terms of the single function Φ(ζ j ). It is convenient to express the latter as a Laurent series such that the boundary of the hole of radius R in the physical plane is mapped into the unit circle in the complex ζ-plane, Fig. 2 , i.e., (20)
The Airy coefficients c j are complex numbers, i.e., c j = a j + ib j , where, a j and b j are real numbers. B and C are given by Eq. (19). For the central hole, and due to the symmetry, the value of j is never zero or an even number.
Combing Eqs. (6), (7), (20) and (21) provides the following expressions for the displacements. Combing Eqs. (15)- (17) with Eqs. (24) and (25) gives
For the circularly perforated orthotropic plate, the conformal transformation from a unit circle in the ζ-plane to a circular hole of radius R in the physical z-plane is:
The inverse of Eq. (29) maps the round hole of radius R from the physical z-plane to the unit circle in the ζ-plane, i.e.,
The branch of the square root of the above equation is chosen so that, ζ 1. Eqs. (26)- (28) use the derivative of the mapping function ω ζ with respect to the variable ζ j , which is given by:
Material Properties
The plate of Fig. 1 
Plate Machining and Loading
The centrally circularly perforated, finite-width composite plate of Fig. 1 was waterjet-machined [8] . The plate was loaded in an MTS machine from 0 to 11.6 kN (2,600 lbs) in 889.6 N (200 lbs) increments. Reported results are for F* = 4.45 kN (1,000 lbs).
6. DIC [8] [9] [10] [11] DIC was used to measure the displacement information. Table 1 contains the DIC details. The surface of the plate was initially painted black, after which white speckles were applied.
The prepared plate was incrementally loaded in its strong/stiff x-direction in a 90 kN (20,000 lbs) capacity, hydraulic-grip MTS machine. Three-dimensional (both in-plane plus the out-of-plane) displacements were recorded using two cameras and ambient room lighting. 
Finite Element Analysis
A motivation for developing the present hybrid technique is to enable stress analyzing perforated orthotropic cases experimentally which cannot be analyzed numerically (e.g., inadequate knowledge of the external loads), yet FEM is used here. However, the present geometry and loading were selected so that one could obtain reliable FEM results with which to compare those of the hybrid method. and mechanical symmetry about the x and y axes, Fig. 3 shows the resulting vertical displacements (u) throughout one quadrant. From the displacement data of Fig. 3 , n = 6,448 essentially equally spaced values of u were selected. Since DIC data at and near an edge are not reliable, no displacement information was employed within a distance 0.1R (= 1.27 mm) from the edge of the hole. In addition to the n = 6,448 DIC measured u-displacements, σ xy = 0 was imposed at 3,601 equally spaced locations along x = 0, and σ xy = 0 and v = 0 were similarly imposed at 3,601 equally located points along y = 0. A total of n + h = 6,448 + 3,601 + 3,601 + 3,601 = 17,251 side conditions (pieces of information) were used to evaluate the Airy coefficients, where n = 6,448 are DIC recorded u-displacement data and h = 10,803 represents the applied conditions. From Eqs. (22), (23) and (28) A realistic number, k, of Airy coefficients to use in Eqs. (20)-(28) must be determined. Too few coefficients can produce inaccurate results, while too many coefficients can cause the Airy matrix, [A], of Eq. (34) to become unstable or even singular due to computer round-off errors. The number of Airy coefficients to utilize was determined by plotting the RMS (root mean square) of the difference between the magnitudes of the DIC-recorded u-displacements, {d}, with those predicted, {d'}, by Eq. (22) versus the number of complex coefficients, k [8] .
Although that information suggested using 2 ≤ k ≤ 10 would be reasonable, it is convenient to employ as few coefficients as acceptable. Moreover, comparing the measured and reconstructed (from Eq. (22)) displacements confirms the rational use of k = 2 complex coefficients (Fig. 4a) . As the number of employed coefficients increases, the reconstructed displacements (Figs. 4b and 4c ) start to deviate from the DIC-recorded data. For viewing convenience, Figs. 4-9 are plotted with the loading (x-direction) direction in the traditional horizontal orientation.
Results
Having evaluated the Airy coefficients, the displacements and stresses are available at, and in the neighborhood, of the hole from Eqs. Fig. 8 illustrates some discrepancy between the DIC-based and FEM results, the respective magnitudes are extremely small and the differences are inconsequential. The high quality of the v/R contours in Fig. 6 from recorded u-displacement information is noteworthy.
Reliability of the DIC-hybrid method was further evaluated by checking load equilibrium from the DIC-based stress σ xx over horizontal areas of the loaded plate using Eq. (35):
where, t is the thickness and W is width. Using the trapezoidal rule of Matlab to compute the integration, this was evaluated at various locations of x (= 0, R, 1.3R, 1.5R, 1.7R, 2R, W/2). The computed load was found to be within 2% of the physically applied 4.45 kN (1,000 lbs) load at each of these locations.
Summary, Discussion and Conclusions
The individual stresses in a circularly-perforated, finite, orthotropic composite plate are reliably determined here from a single DIC-measured displacement field. The displacement information is synergized with a complex variable power series expansion of Airy stress functions, conformal mapping and analytical continuation. The need for only two complex Airy coefficients is noteworthy. Unlike finite element or theoretical/analytical analyses, the current method does not require knowing the applied loading. This is important as external loads are often unknown in practice. Virtually all theoretically stressed orthotropic members are restricted to infinitely large geometry. Moreover, unlike the present approach, prior DIC analyses of circularly-perforated orthotropic composites necessitated measuring both in-plane displacements and did not provide reliable information at the edge of the hole [4, 5] .
Most DIC approaches differentiate the measured displacements with schemes which lack any strong theoretical, analytical or mechanics basis. Such processes can give poor results [12] . This shortcoming is overcome here by processing the recorded displacement data with a stress function. One could measure displacements by other than DIC. However, the herein ability to need only one in-plane displacement field is significant. For example, obtaining both u and v by moiré, ESPI (electronic speckle pattern interferometry), grids or holography necessitates fairly complicated experimental setups or post-processing.
Irrespective of which displacement-based technique is used, it is not unusual to have locations where one of the u or v is of poor quality. The present technique simultaneously smooths the measured information, satisfies equilibrium and compatibility, and determines individual stresses full-field, including on the edge of the hole. Moreover, the approach is applicable to engineering problems involving multiple and/or non-circular geometric discontinuities, non-symmetrical situations, parabolic and/or deep notches, square holes with filleted corners, and highly complicated shapes using Schwartz-Christoffel concepts. Isotropic cases could be handled by numerically letting E xx ≈ E yy = E, ν xy= ν and G E .
